Abstract: This article deals with the vibrations of a nonprismatic thin-walled beam with an open cross section and any geometrical parameters. The thin-walled beam model presented in this article was described using the membrane shell theory, whilst the equations were derived based on the Vlasov theory assumptions. The model is a generalisation of the model presented by Wilde (1968) in 'The torsion of thin-walled bars with variable cross-section', Archives of Mechanics, 4, 20, pp. 431-443. The Hamilton principle was used to derive equations describing the vibrations of the beam. The equations were derived relative to an arbitrary rectilinear reference axis, taking into account the curving of the beam axis and the axis formed by the shear centres of the beam cross sections. In most works known to the present authors, the equations describing the nonprismatic thin-walled beam vibration problem do not take into account the effects stemming from the curving (the inclination of the walls of the thin-walledcross section towards to the beam axis) of the analysed systems. The recurrence algorithm described in Lewanowicz's work (1976) 'Construction of a recurrence relation of the lowest order for coefficients of the Gegenbauer series', Applicationes Mathematicae, XV(3), pp. 345-396, was used to solve the derived equations with variable coefficients. The obtained solutions of the equations have the form of series relative to Legendre polynomials. A numerical example dealing with the free vibrations of the beam was solved to verify the model and the effectiveness of the presented solution method. The results were compared with the results yielded by finite elements method (FEM).
Introduction
The problem of the free vibrations of nonprismatic thinwalled beam systems is interesting for two reasons. The first reason is the need to describe more precisely and solve this mathematically difficult problem that, except for special cases, has no closed analytical solutions. The second reason is practical and stems from the necessity to rationally shape and economically design contemporary civil engineering structures built from thin-walled beams with variable geometrical and material parameters.
The problems relating to thin-walled beam systems have been studied by many authors. As the literature on this subject is very extensive, only the research works that have been published in the recent years are presented here. Eisenberger (1997) . Torsional vibrations of open and variable cross-section bars. Thin-Walled Structures. 28 (3) (4) , 269-278. analysed the torsional free vibrations of a nonprismatic I-beam. Using the classical power series to approximate the sought functions, he determined the free vibration frequencies with and without the warping effect taken into account. On the basis of Vlasov's theory of thinwalled systems, Ambrosini et al. (2000) . A modified Vlasov theory for dynamic analysis of thin-walled and variable open section beams. Engineering Structures. 22 (8) , 890-900. DOI: 0.1016/S0141-0296(99)00043-7. presented equations describing the vibrations of a nonprismatic thin-walled beam with an open cross section, which take into account the effects of shear flexibility and rotatory inertia in the stress resultants. The same beam model was used by F. de Borbón and Ambrosini (2010) . On free vibration analysis of thin-walled beams axially loaded. Thin-Walled Structures. 48 (12) , 915-920. DOI: 10.1016/j.tws.2010.06.002. to solve the free vibration problem with the influence of the static axial forces taken into account. The derived equations were solved using the method referred to as the state variables approach. The eigenproblem was also analysed by Arpaci and Bozdag (2002 [20] . The formulated finite elements were used to analyse the eigenproblem and the stability problem for nonprismatic beams with any cross section. Similar to the previous works, the results were compared with the ones obtained using finite elements method (FEM). The works by Machado and Cortínez Mohri (2005 (7) (8) , 671-683., a nonlinear finite element with two joints and seven degrees of freedom was formulated and used to analyse the post-buckling behaviour of a thinwalled beam. The nonlinear equations stemming from this problem were solved using the iterative-incremental Newton-Raphson method. Extensive literature on the vibrations and stability of thin-walled beams can be found in, amongst others, the already cited work Asgarian, B., The subject of this article is the problem of the free vibrations of a nonprismatic monosymmetric beam with any parameters described using the membrane shell theory and the Vlasov theory assumptions. The beam model presented here is a generalisation of the model found in Wilde's article [22] . The generalisation consisted in taken into account the curving of the axis formed by the shear centres of the beam cross sections. In most works on the vibrations of thin-walled beams known to the present authors, the equations describing this problem do not take into account the effects stemming from the curvilinear form of the beam axis and the axis defined by the shear centres. The Hamilton principle was used to derive equations describing the vibrations of the beam. In this article, the equations describing the vibrations of the beam were derived relative to an arbitrary rectilinear reference axis and the effects stemming from the curvilinear form of the axes were taken into account in the equations.
An approximation method using Legendre's orthogonal polynomials (a special type of the Gegenbauer polynomials) for approximation was used to solve the obtained differential equations. This method, presented by Lewanowicz in, amongst others, work [9] , so far has not been applied to this kind of problems. It A calculation example is provided to verify the derived equations and illustrate the capabilities of the presented method. In the example, the eigenproblem of a beam with a linearly variable web height is solved. Two static schemes were considered: (1) a cantilever beam and (2) a clamped-clamped beam. The effect of omitting certain parameters connected with the variability of the beam geometry was examined. The obtained eigenfrequencies were compared with the results yielded by FEM (Abaqus and SOFiSTiK).
Problem formulation
The subject of the considerations is the problem of the spatial free vibrations of an arbitrarily supported, nonprismatic, thin-walled beam.
Description of model
The description of the model presented in this article is based on the membrane shell theory and the Vlasov assumptions used in the theory of thin-walled systems. The model is a generalisation of the model described by Wilde in [22] . The generalisation consists in taken into account the fact that the coordinates defining the position of the shear centres form a curvilinear axis and depend on the coordinate describing the position of the analyzed cross section. Also the beam axis is curvilinear. As a nomenclature different from that of Wilde's work [22] is used in this article, the excerpts from the original work quoted in this section have been modified using the new nomenclature.
The displacement equations used here were derived relative to a rectilinear reference axis and to the system of coordinates x, y, z (Fig. 2) . At this stage, no additional simplifying assumptions concerning the beam's geometry (e.g. symmetry) were adopted.
The vector describing the location of a point on the central surface of the shell is expressed using the formula (1) where e x , e y , e z , are the versors of the cartesian coordinate system basis.
The vectors of the covariant basis of the system of coordinates (t, s, n), determined on the central surface of the shell are defined as follows: (2) where Coordinate describes the arc length and so . Therefore, one can introduce the following denotations y ,s =cosα, z ,s =sinα, where α is the angle included between the positive part of axis y and the tangent to the cross section when t=const. The third unit vector of the local basis defines the following relation: (3) where . Thus the matrix for the transformation of the Cartesian coordinate system basis to the covariant local basis of the system defined on the central surface is given by the formula (4) For the local coordinate system tied to the central surface, the covariant surface metric tensor is expressed using the following formula: (5) where
The covariant metric tensor assumes the following form: (6) In general, the defined surface local coordinate system is not orthogonal. On the basis of the system defined earlier, one can define an orthogonal coordinate system as follows: (7) From the above relations, it follows that versor a T lies in the plane tangent to the surface. Therefore, the vector is defined as a T = α 1 a t + α 2 a s . The values of coefficients α 1 and α 2 were calculated from the relation a T ⊥ a S , |a T | = 1. Ultimately, the matrix for the transformation of local coordinate system a s , a t to a system of orthogonal vectors a S , a T lying on the surface tangent to the central surface of the shell is defined using the formula (8) and the inverse matrix has the form .
Let us assume that the centre lines of the beam cross sections undergo deformation only in the direction consistent with the direction of the longitudinal axis x (the so-called rigid cross section hypothesis). This leads to the following equation describing the displacement of an arbitrary point of the thin-walled beam:
where θ(t) is the angle of rotation relative to the axis marked out by the points whose coordinates (C y (t), C z (t)) define the centre of shear, u y (t), u z (t) are the components of the displacements of the cross section in the shear centre measured along the axis of the global coordinate system and u x (t,s) is the measure of the displacements of the cross section along axis x, taking into account wrappings relative to plane x = const. The linear components of the deformation tensor are expressed using the formula (11) Hence,
The physical deformations are expressed using the formula (13) Using formula (9), one gets (14) According to the Vlasov assumption, strain γ TS =0. Thus it follows from formula (14) that also strain γ ts =0. This assumption ultimately leads to the following relation:
Integrating both sides of equation (15) over variable s and taking into account the fact that on the right side of this equality, only functions z and y depend on s, one gets (16) where u 0x =u 0x (t) is an integration constant independent of variable s and ω = ω(t,s) is a sectorial coordinate described by the following relation:
Then performing the differentiation of function u x (16) over variable t, one gets
Substituting u x,t into formula (12) 1 defining γ tt , and taking into account the fact that t = x, ultimately, one gets (19) where (20) .
The dependences between strains and stresses are defined using the formula (21) where , ν is the Poisson ratio, E is Young's modulus, g is the wall thickness and ε αβ is the Ricci tensor. In the considered case, relation (21), after taking into account the fact that γ xs = γ ss = 0 is, comes down to (22) Let us consider cross-sectional forces acting in cross section x = const. The force vector defining the membrane forces was determined from the relation (23) where n a is a covariant element of the unit vector normal to the plane and perpendicular to the line tangent to the cross section. Thus n is equal to a T , and so the following equalities hold:
. Hence,
In order to find component t acting along axis x, one projects vector t onto axis x by scalar multiplying it by vector e x . Ultimately, one gets
where expresses the so-called reduced thickness. The internal forces are defined using the formulas (26) where integration is performed over the contour of the cross section. Substituting relation (25) into formula (26) and performing the integrations, one gets the following formulas for the cross-sectional forces (under the assumption that the considered beam is monosymmetric and that axis z is the symmetry axis of the cross sections): (27) where (28) In order to simplify the notation in formula (28), denotation , in which g* is reduced thickness , was used.
Displacement equations
In order to derive displacement equations describing the vibration problem for a thin-walled beam, we shall use the Hamilton principle (29) where U S is the potential energy of the elastic deformation (the linear part) and U M is the kinetic energy of the system. The potential energy of the elastic deformation is expressed using the formula (30) where GI s is the stiffness in the Saint Venant torsion. Considering the relations 41) and associated with the system of differential equations (38)- (41), equations determining the boundary conditions, (42) where ,
where (44) where (45) where ,
where .
Problem solution
Solutions of the system of differential equations (38)-(41) will be sought as expansions of the functions into series relative to the Legendre polynomials [8] (47) where are the Legendre polynomials defined using the formula (48) or using the following recurrence formula:
Legendre polynomials are a special kind of Gegenbauer polynomials and dependence holds between them. Let us use the following theorem, derived and presented by Lewanowicz in, amongst others, [9] , to determine the coefficients of series (47). This theorem describes the method of determining the solutions of differential equations (in the form of the Gegenbauer series) with variable coefficients.
Theorem: If the function f satisfies a linear differential equation of order n > 0 .
and (51) and functions have specific Gegenbauer series coefficients, then for each integral k, the following identity holds true:
where ϱ ijm (k) are functions of integral variable k.
(53) (54) (55) and a k [h] is the kth coefficient of the expansion of the function h(x) into a series relative to Gegenbauer polynomials (a proof of this theorem can be found in [9] ). As already mentioned, in a special case, when λ = 1 ⁄ 2, the Gegenbauer polynomials become Legendre polynomials . (x) ] of the function product Q i (x) f(x) are calculated from the formula given below ( [9] ), assuming that matrices Q i (x) contain exclusively polynomials. If this assumption is not satisfied, one should beforehand apply an appropriate polynomial approximation to matrices Q i (x). For λ = 1 ⁄ 2, (56) where (57) When calculating coefficients with negative subscripts, the following relations are also used if 2λ = m is a nonnegative integer.
(58)
The problem of free vibrations described by equations (38)-(41) can be described by the following matrix differential equation of the fourth order:
In the considered problem, matrices P i occurring in formula (59) assume the following form: In the case of the fourth order (n = 4) differential equation, infinite system of equations (52) describing the interdependences between the coefficients of the expansion of sought function , is defined using the formula (69) where λ = 1 ⁄ 2 .
The system, satisfied at k ≥ 4, should be completed with 14 equations describing boundary conditions. In order to formulate the conditions, the following relations defining the values of the Legendre' polynomials and their derivatives in points x=±1 are used: 
Calculation example
In order to illustrate the proposed method as well as to verify it and show its effectiveness, a numerical example is provided. In the example, the eigenproblem was solved using Legendre polynomials for approximation. The sought functions were approximated with 15 series terms. The Wolfram Mathematica 10 [23] software was used for the calculations.
Example
Nonprismatic monosymmetric I-beams with a linearly variable web height are analysed. Two static systems, that is, a clamped-clamped beam and a cantilever beam, are considered. The diagrams of the beams and the dimensions of their cross sections are shown in Fig. 4 . The material parameters of the beams are . Formula (28) derived in this article was used to calculate the geometrical characteristics of the cross section. Various size of approximation base was used for checking the convergence of the presented method. The sought functions (47) were approximated with 10, 15 and 20 series terms. The obtained results are presented in Tables 1 and 2 .
In order to verify the model and the effectiveness of the presented method of solving the derived equations, the considered problem was solved using FEM. The Abaqus program, in which 0.02 m × 0.02 m rectangular shell elements were adopted for the calculations, and the SOFiSTiK program, in which the beams were solved using thin-walled beam elements with 7 degrees of freedom (DOFs), were used for the calculations. In the SOFiSTiK calculations, various numbers of elements were used. The beams were divided into 20, 25 and 50 elements. The obtained results for the above two cases and the results yielded by FEM are presented in Tables 1 and 2 .
In the case of the solutions obtained using the shell elements (Abaqus), 'additional' local effects, consisting in local deformations of the medium, appear in the eigenforms corresponding to higher frequencies. In the tables, the forms are denoted as lf -'local form'.
To examine the impact of considering the so-called reduced thickness in definition of the geometric property of an area, the calculations were done in two ways: (1) the characteristics were calculated from formulas (28), that is, using reduced thickness g*, and (2) assuming that β=0, that is, g*=g. By analysing the two cases, it was possible to evaluate the influence of the simplified method of determining the cross-sectional characteristics on the eigenfrequency values. Moreover, the influence of the generalisation introduced into the model (versus the Wilde model) to take into account the variability in the location of the shear centres in the cross sections, described by functions , was examined. For this purpose, calculations for the Wilde model were also performed (see [22] ), omitting the components in which derivatives appear as factors in all the derived formulas. In the calaculations, (in the case of monosymmetric cross sections, C y (x)≡0) was assumed. The approximation with 15 series terms was used in comparative calculations. The obtained results are presented in Tables 3 and 4 .
Conclusions
The following conclusions can be drawn from the results presented in the examples: -using the proposed method, one can solve problems relating to the dynamics of nonprismatic thin-walled beams with any geometry parameters. Numerical examples show that the method is highly accurate and efficient. Only approximation with 15 series terms for each calculated function has to be used to obtain sufficient results (60 series terms for all functions). In case of FEM, the total number of finite elements required for analysis is circa 25. It equals 175 degrees of freedom. Moreover, the presented semi-analytical method is useful for further calculation which is difficult in case of FEM. -in the considered free vibration problem, the adoption of the simplified way of determining the geometrical characteristics of the cross section has no significant effect on the values of the eigenfrequencies of the considered systems; -the differences between the eigenfrequency values determined using, respectively, the Wilde model and the generalised model are not significantly large (for the first eight eigenfrequencies, they amount to 0-1.6% for the clamped-clamped beam and to 0-3.8% for the clamped-free beam). A more detailed analysis shows that the omission of the derivatives of functions C z (x), C y (x) generates the largest differences in the case of the frequencies corresponding to the forms in which torsion dominates. One can expect that for beams with any cross section (no monosymmetry), the differences will probably be larger. 
